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Let b  2 be a ﬁxed positive integer and let S(n) be a certain
type of binomial sum. In this paper, we show that for most n the
sum of the digits of S(n) in base b is at least c0 logn/(log logn),
where c0 is some positive constant depending on b and on the
sequence of binomial sums. Our results include middle binomial
coeﬃcients
(2n
n
)
and Apéry numbers An . The proof uses a result
of McIntosh regarding the asymptotic expansions of such binomial
sums as well as Baker’s theorem on lower bounds for nonzero
linear forms in logarithms of algebraic numbers.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
Let r := (r0, r1, . . . , rm) be ﬁxed nonnegative integers and put
S(n) :=
n∑
k=0
(
n
k
)r0(n + k
k
)r1
· · ·
(
n + km
k
)rm
for n = 0,1, . . . . (1)
In what follows, we put r := r0 + · · · + rm . We assume that r0 > 0. When r= (1), we simply get that
S(n) =
n∑
k=0
(
n
k
)
= 2n for all n 0. (2)
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S(n) =
n∑
k=0
(
n
k
)2
= bn for all n 0, (3)
where bn =
(2n
n
)
is the middle binomial coeﬃcient, while when r = (2,2), we get that
S(n) =
n∑
k=0
(
n
k
)2(n + k
k
)2
= An for all n 0, (4)
where An is the nth Apéry number.
Let b  2 be any integer and put sb(m) for the sum of the base b digits of the positive integer m.
Lower bounds for sb(m) when m runs through the members of a sequence with some interesting
combinatorial meaning have been investigated before. For example, it follows from a result of Stewart
([8]; see also [1] for a slightly more general result), that the inequality
sb(Fn) > c1
logn
log logn
(5)
holds for all n  3 with some positive constant c1 depending on b, where Fn is the nth Fibonacci
number given by F0 := 0, F1 := 1 and Fn+2 := Fn+1 + Fn for all n  0. In [2], it is shown that the
inequality
sb(n!) > c2 logn (6)
holds for all n  1, where c2 is some positive constant depending on b. In [4], it is shown that the
inequality
sb(bn) ε(n)
√
logn (7)
holds on a set of n of asymptotic density 1, where ε(n) is any function tending to zero when n tends
to inﬁnity. A similar result holds with bn replaced by cn := bn/(n + 1) for n = 0,1, . . . , which is the
nth Catalan number.
In [3], it is shown that there is some positive constant c3 depending on b such that the inequality
sb(An) > c3
(
logn
log logn
)1/4
(8)
holds on a set of n of asymptotic density 1. The proofs of such results use a variety of methods from
number theory, such as elementary methods, sieve methods, lower bounds for nonzero linear forms
in logarithms of algebraic numbers and the subspace theorem of Evertse, Schlickewei and Schmidt.
Here, we add on the literature on the topic and prove the following theorem.
Theorem 1. For any r = (1), there exists a positive constant c0 := c0(b, r) depending on both b and r such
that the inequality
sb
(
S(n)
)
> c0
logn
log logn
holds on a set of positive integers n of asymptotic density 1.
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not a power of 2, in which case it follows from Stewart’s result [8] that the inequality sb(2n) >
c4 logn/ log logn holds for all suﬃciently large positive integers n with some positive constant c4
depending on b.
It is easy to see that particular cases of Theorem 4 such as (3) and (4) are improvements upon
estimates (7) and (8). While strictly speaking the Catalan numbers cn are not of the form S(n) for
any particular choice of r, the conclusion of Theorem 4 applies to them also as we shall indicate at
the proof of Theorem 4. Features of the proof are a complete asymptotic expansions for S(n) due to
McIntosh [7] and a lower bound for a nonzero linear form in logarithms of algebraic numbers due to
Matveev [6].
Until now, and in what follows, we use c0, c1, . . . for computable positive constants that appear
increasingly throughout the paper and which might be absolute or depend on the number b and the
vector r. We use the Landau symbol O and the Vinogradov symbols ,  and  with their usual
meanings. Recall that A = O (B), A  B and B  A are all equivalent to the fact that the inequality
|A| cB holds with some constant c. The constants implied by these symbols in our arguments might
depend on the number b and the vector r. Furthermore, A  B means that both A  B and B  A
hold.
2. Preliminary results
We start with McIntosh’s asymptotic formula for S(n) (see [7]).
Lemma 2. For each nonnegative integer p,
S(n) = μ
n+1/2√
ν(2πλn)r−1
(
1+
p∑
k=1
Rk
nk
+ O
(
1
np+1
))
, (9)
where 0 < λ < 1 is deﬁned by
1 =
m∏
j=0
(
(1+ jλ) j
λ(1+ ( j − 1)λ) j−1
)r j
,
μ =
m∏
j=0
(
1+ jλ
1+ ( j − 1)λ
)r j
,
ν =
m∑
j=0
r j
(1+ ( j − 1)λ)(1+ jλ) ,
and each Rk is a rational function of the exponents r0, r1, . . . , rm and λ.
We shall also need a result of Matveev [6] from transcendental number theory. But ﬁrst, some
notation. For an algebraic number η having
F (X) := a0
d∏
i=1
(
X − η(i)) ∈ Z[X]
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h(η) := 1
d
(
log |a0| +
d∑
i=1
logmax
{∣∣η(i)∣∣,1}
)
.
With this notation, Matveev [6] proved a deep theorem a particular case of which is the following.
Lemma 3. Let K be a real ﬁeld of degree D, η1 > 0, η2 > 0 be elements of K, and b1 , b2 be nonzero integers.
Put B := max{|b1|, |b2|} and
Λ := b1 logη1 − b2 logη2.
Let A1 , A2 be real numbers such that
A j max
{
Dh(η j), | logη j|,0.16
}
, for j = 1,2.
Then there exists an absolute constant c5 such that if Λ = 0, then
log |Λ| > −c5D2(1+ log D)(1+ log B)A1A2.
3. The proof of Theorem 4
We let x be a large positive real number. We let δ > 0 be suﬃciently small to be determined later,
and let
Nδ(x) :=
{
n ∈ [x,2x): sb
(
S(n)
)
< δ
log x
log log x
}
. (10)
We need to show that if δ is suﬃciently small, then #Nδ(x) = o(x) as x → ∞, for after this the
conclusion of Theorem 4 will follow by replacing x by x/2, then by x/4, and so on, and summing up
the resulting estimates.
For n ∈ Nδ(x), we write
S(n) = d1bn1 + d2bn2 + · · · + dsbns , (11)
where d1, . . . ,ds ∈ {1, . . . ,b − 1} and n1 > n2 > · · · > ns . We let K be some large number depending
on b and r to be determined later, and we put t := t(n) for the smallest index i ∈ {1,2, . . . , s−1} such
that bni−ni+1 > nK if it exists and set t := s otherwise. From the deﬁnition of t(n), we see immediately
that
S(n) = (d1bn1 + · · · + dtbnt )
(
1+ O
(
1
nK
))
:= bm(n)D(n)
(
1+ O
(
1
xK
))
, (12)
where m =m(n) := nt and D(n) := d1bn1−nt + d2bn2−nt + · · · + dt .
Let Dδ(x) be the subset of all possible values for D(n). Let us ﬁnd an upper bound for the cardi-
nality of this set. Observe ﬁrst that
t  s sb
(
S(n)
)
 δ log x .log log x
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Finally, we also have that
ni−1 − ni  K lognlogb 
K log(2x)
logb
for i = 2, . . . , t.
Thus, the vector of numbers (n1 − n2, . . . ,nt−1 − nt) can be chosen in at most
(
K log(2x)
logb
)t−1
< exp
(
δ
(
log x
log log x
)
log
(
K log(2x)
logb
))
< x2δ
ways, where the last inequality holds for all suﬃciently large x. Moreover, the vector of neighboring
differences (n1 −n2,n2 −n2, . . . ,nt−1 −nt) determines uniquely the vector of exponents (n1 −nt ,n2 −
nt , . . . ,nt−1 − nt) appearing in the base b representation of D via the fact that
ni − nt =
t−1∑
j=i
(n j − n j+1) for i = 1, . . . , t − 1.
Thus, we get easily that
#Dδ(x)
(
δ log x
log log x
)
× xδ logb/(log log x) × x2δ < x3δ, (13)
where the last inequality holds provided that x is suﬃciently large. We now compare relations (12),
(9) and get that
μn f (n) = bm(n)D(n)
(
1+ O
(
1
xK
))
, (14)
where we put
f (n) :=
√
μ
ν(2πλn)r−1
(
1+
K−1∑
k=0
Rk
nk
)
. (15)
Taking logarithms in Eq. (14), we get that
n logμ + log f (n) −m(n) logb − log D(n) = O
(
1
xK
)
.
We now write
Nδ(x) =
⋃
D∈Dδ(x)
Nδ,D(x), (16)
where
Nδ,D(x) :=
{
n ∈ Nδ(x): D(n) = D
}
.
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some i  T −1 and write ni+1 =: n+k. Then taking the difference of the relations (16) in n and n+k,
we get
k logμ + (log f (n + k) − log f (n))− (m(n + k) −m(n)) logb = O( 1
xK
)
. (17)
If r = 1, then r = (1), a case which is excluded. Thus, r > 1 and, in particular, f (n) is not constant. By
elementary calculus, we get that
∣∣ f (n + k) − f (n)∣∣= k∣∣∣∣
[
d
dz
f (z)
]
z=ζ∈[n,n+k]
∣∣∣∣ kx(r+1)/2 , (18)
where ζ is some point in [n,n + k] the existence of which is guaranteed by the Intermediary Value
Theorem. Observe also that μ > 1 because S(n) tends to inﬁnity with n. Put m :=m(n+k)−m(n) and
Λ := k logμ −m logb. (19)
We take K := 
(r + 1)/2 + 1. If Λ = 0, we then get by estimates (17) and (18), that
k
x(r+1)/2
 1
xK
,
which is impossible for k  1 for large x because K > (r + 1)/2. Thus, Λ = 0. Then estimates (17)
and (18) again show that
|Λ|  k
x(r+1)/2
. (20)
Since r  2 and k  x, it follows that the right-hand side above is o(1) as x → ∞. Thus, |m(n + k) −
m(n)| ∼ c6k  k as x → ∞, where c6 := (logμ)/(logb). Now Matveev’s result Lemma 3 applied to Λ,
with the choices of parameters η1 := μ, η2 := b, b1 := k, b2 :=m(n+k)−m(n), together with the fact
that B = max{k, |m(n+ k) −m(n)|}  k, shows that there exists a positive constant c7 depending on b
and r (actually, it depends on b and the height of the algebraic number μ, but this last parameter
depends on r), such that the inequality
|Λ| > 1
kc7
(21)
holds for all suﬃciently large x. We may assume that c7 > (r − 1)/2. Putting together (20) and (21),
we get that
1
kc7
 k
x(r+1)/2
,
giving k  xc8 , where c8 := (r + 1)/(2(1+ c7)) ∈ (0,1). Since the distance between any two elements
of Nδ,D(x) is  xc8 , and this set is contained in [x,2x), it follows that
#Nδ,D(x)  xc9 ,
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where we put c9 := 1− c8. This was for an arbitrary D ∈ Dδ(x). Thus, by estimate (13),
#Nδ(x) =
∑
D∈Dδ(x)
#Nδ,D(x) xc9#Dδ(x) < x3δ+c9 ,
provided that x is large enough. The exponent of x in the right-most bound above is < 1 provided
that δ < (1− c9)/3 = c8/3. So, we can take c0 = δ := c8/4 and complete the proof of this theorem.
4. Comments and conjectures
What was important for our argument was not the actual formula for S(n) but the fact that it is
an integer which has an asymptotic expansion given as in (9) with some algebraic number μ > 1 and
some positive integer r > 1. In particular, it also applies to Catalan numbers cn . We give no further
details. The binary expansions of Catalan numbers were also studied in [5].
A problem of further interest would be to ﬁnd the true rate of growth of sb(S(n)) for large n. In
Fig. 1 we show for the case b = 2 and S(n) equal to the Apéry numbers, a plot of sb(S(n))/n for
n = 1, . . . ,1000 and on the right, a plot of the average digit sum 1n
∑n
i=1 sb(S(i)) for n = 1, . . . ,1000.
Based on these and similar computations in other bases b, we are lead to the following conjec-
tures:
Conjecture 4. For any r = (1), there exists a positive constant c0 := c0(b, r) depending on both b and r such
that the inequality
sb
(
S(n)
)
> c0n
holds for all positive integers n.
Conjecture 5. For any r = (1), there exists a positive constant c1 := c1(b, r) depending on both b and r such
that the limit
1
n
n∑
i=1
sb
(
S(i)
)→ c1
holds as n → ∞.
Furthermore, we believe that c1 = ( logμlogb )( b−14 ). Conjecture 5 with this value of c1 would follow
assuming that the digits of S(n) in base b are uniformly distributed. From our calculations (see Fig. 1),
it seems that Conjecture 5 might hold for the Apéry numbers in base 2 with c1 = 1.271 . . . , which is
A. Knopfmacher, F. Luca / Journal of Number Theory 132 (2012) 324–331 331in agreement with our prediction since for the Apéry numbers we have μ = (1+√2)4, so ( logμlog2 )( 14 ) =
log(1+√2)
log2 = 1.271 . . . .
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